In this paper, we investigate experimentally and theoretically the two-to-one (2:1) 
INTRODUCTION
The nonlinear interaction among various modes of vibration of micro/nanoelectromechanical structures (M/NEMS) has been widely investigated in recent years [1] [2] [3] [4] [5] [6] [7] [8] . This is motivated by the fact that the mode coupling in M/NEMS resonators is vital for successful implementation of these devices in various applications. The two major mechanisms of mode coupling that have been reported and proposed in significant applications in the literature are mainly veering [1] [2] [3] [4] and internal resonance [5] [6] [7] [8] [9] .
Internal resonance or auto-parametric resonance denotes the exchange of energy between two vibrational modes in a structure briefly. These modes can be either in the same or a different plane of vibration. One necessary condition to activate internal resonance is that the ratio between the two involved modes is an integer. The most common internal resonances investigated in the literature are mostly the 1:1, 2:1, and 3:1. The internal resonance has been investigated in several structures in the literature [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] .
The dynamic and the static behavior of initially curved MEMS resonators have been extensively investigated [15] [16] [17] . These structures have attracted many researcher thanks to their different and interesting characteristics: bi-stability, snapthrough motion, and a wide range of nonlinearity (cubic from the stretching and quadratic from the initial curvature). Moreover, one of the interesting characteristics of the arch 2 Copyright © 2018 by ASME structures is that its first vibrational mode increases as varying its stiffness and its third mode decreases, which allows a wide range of ratios among the various modes. This makes the curved structures possess several internal resonances (1:1, 2:1, 3:1, and 4:1). The 3:1 and 1:1 internal resonances of clampedclamped curved structures under electrostatic force have been extensively studied numerically and experimentally [11] [12] [13] [14] .
Despite the extensive research on internal resonance on M/NEMS resonators, there is lack of integrated and comprehensive theoretical and experimental investigation on the topic. This work aims to study the two-to-one internal resonances of an initially curved (arch) beam experimentally and theoretically. We investigate experimentally and theoretically; using reduced order model (ROM) and multiple scale technique (MTS); the 2:1 internal resonance between the 1 st and 3 rd vibrational mode of an arch beam electrothermally tuned and electrostatically driven. The electrothermal actuation, in this case, is used to control the stiffness of the arch beam. In MTS, the influence of the high AC bias voltage is accounted for by considering the direct simultaneous excitation of the two participating modes.
The rest of the paper is organized as follows. The experimental setup is presented in Section 2. The dynamic response of the arch beam is modeled using the nonlinear EulerBernoulli beam equation combined with the heat conduction equation and is solved in Section 3. The perturbation method is described in Section 4. A discussion of the dynamic response of the arch beam near internal resonance is presented in Section 5. Finally, the main conclusions are summarized in Section 6.
EXPERIMENTAL SETUP
We conducted our experiments on fabricated arch beams fabricated by MEMCAP [18] , from SOI wafers with highly conductive Si device layer using two mask process. The stroboscopic video microscopy from Polytec [19] was used to study and investigate the free vibration and the frequency response of the resonator.
The arch beam under consideration, Fig. 1 , is tuned electrothermally and driven electrostatically. By applying a DC voltage, VTH, between the anchors of the arch beam, a DC current ITH passes through it heating it up, which controls its induced axial load. The arch beam is separated from a stationary electrode with a transduction gap width d. The curved beam is actuated electrostatically by a DC bias voltage VDC and an AC harmonic voltage of amplitude VAC and frequencyˆ  . 
Problem Formulation
The device under consideration consists of a curved clamped-clamped beam of an initial shape )
where ) 
The arch beam is subjected to the below boundary conditions 0 and 0
The arch beam has Young's modulus E, material density ρ, length l, width b, and thickness h. The cross-section area is assumed rectangular with A=bh with a moment of inertia given by I= bh [] Txis computed using Fourier's law by the procedure prescribed in [2] . The parameter α(T) is the thermal expansion coefficient, which is assumed dependent on temperature.
For convenience, we introduce the nondimensional variables: 00 00ˆ ; ; ; ; and
where
is the timescale. Substituting Eq. (5) into Eq. (2) and Eq. (3), we obtain the nondimensional equation of motion of the beam
subjected to the nondimensional boundary conditions 
The parameters appearing in Eq. (6) are defined as 
The eigenvalue problem of the arch beam under consideration is solved following the general procedure described in [2] . Furthermore, we simulate the dynamic response of the arch beam under electrostatic force and at a constant electrothermal voltage by discretizing Eq. (6) using the Galerkin procedure, which yields a reduced order model (ROM). Then, the transverse deflection of the arch beam is written as [21] : 
To solve the dynamic response of the arch beam given by Eq. (10), we compute the values of the integrals in Eq. (11) . Then, a set of differential equations is obtained and integrated in time using Runge-Kutta technique and by using four symmetric mode shapes [2] .
PERTURBATION ANALYSIS
In this section, we consider analyzing the two-to-one (2:1) internal resonance using the method of multiple scales (MTS) [22] in Eq. (6) . The expansion of the electrostatic forcing term  , respectively, while the electrostatic forcing term is expanded following the procedure outlined in [23] . We substitute Eq. (14) into Eq. (6) 
where the derivatives are defined as 15) is given by the linear eigenvalue problem [2] . To activate the (2:1) internal resonance we assume the excitation frequency to be around the first primary resonance, i.e., Copyright © 2018 by ASME appendix A. Equation (18) to Eq. (21) are solved using arc length continuation technique to obtain the equilibrium fixed points. In addition, the stability of each fixed point is studied by examining the eigenvalues of the Jacobian of the system in complex Cartesian form. Finally, the final solution of the system is expressed as 
Results and Discussion
For the current study, the dimensions of the arch under consideration are given in Table 1 . As tuning the electrothermal voltage, the arch beam heats up, and then its stiffness increases. Fig. 2(a) shows the variation of the first two symmetric resonance frequencies of the arch beam under consideration while tuning the electrothermal voltage, experimentally and analytically. Increasing the compressive load increases the first resonance frequency while the third resonance frequency decreases then starts to increase when the first resonance frequency seems to begin to flatten (veering) [2] . Computing the ratio between both frequencies, Fig. 2(b) , reveals that different internal resonances can be activated. In this study, we focus on the nonlinear aspects of the two-to-one internal resonance. To investigate the dynamics of the 2:1 internal resonance, we experimentally sweep the frequency for different electrostatic forces around both the first and third resonance frequencies and constant electrothermal voltage VTh=2.45V, Fig. 3 . The experiments were conducted in atmospheric pressure (high damping) requiring high AC harmonic excitation amplitudes to activate the internal resonance. At lower AC excitations, the system yields a linear response, Fig. 3(a) . However, increasing the electrostatic force gradually results into the splitting of the vibration amplitude into two peaks where the arch beam starts to experience internal resonance, Fig. 3(a) . The presence of two peaks suggests a nonlinear modal interaction among the first and third modes. On the other hand, we excite the arch beam, for the same VTH, around its third resonance frequency for different electrostatic forces, Fig. 3(b) . As increasing the forcing, the arch beam starts to experience internal resonance, which was demonstrated by the splitting of the frequency response curve.
The separation between the two existing peaks increases with exaction. For larger forcing, a potential coexistence of states is shown in Fig. 3(c) (the red scatters). VV term in Eq. (12), the influence of the 2Ω term cannot be neglected when exciting the first primary resonance. Perturbation results indicate that the level of nonlinear interaction is influenced by the simultaneous excitation of the two modes as well as the internal resonance.
Next, we study the stability of the system via perturbation method. As we sweep the frequency, Fig. 5(c) , the system experiences a saddle-node (SN) bifurcation from the lower periodic solution to the upper solution. Then, the response of the system passes through a forward and reverse Hopf bifurcations where a new limit cycle is created. Then, another saddle-node bifurcation is observed to the right lower state where the response is periodic. The behavior of the limit cycle can be observed and analyzed in the dynamical response of the system using the Galerkin method. We further increase the AC bias voltage, which leads to more complicated dynamic phenomena. Fig. 6(a) shows different jumps to some unstable points (discrete red) in the frequency response curve. The vibration videos at these frequencies show irratic motions that are aperiodic. To investigate the nature of the dynamic response, we simulate the response of the arch beam at higher AC bias voltage, Fig. 6(b) . This shows that even far from the internal 7 Copyright © 2018 by ASME resonance interaction, at 39 kHz, two contributing frequencies exist: the first and the third, that are produced due to the direct excitation at high AC bias voltage. Then, as sweeping the frequency, the response jumps from the periodic to aperiodic solutions, presented by red points. Poincare sections at these frequencies show the presence of a chaotic motion that might describe the strange motion observed experimentally. In between those chaotic solutions, the response emerges from aperiodic to periodic and then aperiodic solution, which consists of the contribution of both frequencies. Next, the system passes through a quasi-periodic motion, from 44.75 kHz to 45.4 kHz, which might be a consequence of a reverse Hopf bifurcation. More investigation is needed to explore the dynamic response and identify either this aperiodic motion is originated only from the mode coupling of both modes via internal resonance or from the combination of internal resonance and direct excitation of the third mode due to high AC bias voltage.
Conclusions
In this paper, we investigated the 2:1 internal resonance considering the influence of the direct excitation of the third resonance frequency of an arch resonator. The arch beam was actuated electrothermally to control its stiffness and hence control the ratio between the first two symmetric vibration modes. As exciting the arch beam electrostatically at a constant electrothermal voltage, when the ratio between both frequencies equals to two, we investigated the dynamic response and the activation of the internal resonance. We showed that at high AC bias voltage, a chaotic motion might appear. Theoretically, we solved the dynamic response of the arch beam using two techniques: long time integration and perturbation technique. We added a new correction in the perturbation technique to account for the direct excitation of the third mode. The results showed a good agreement among the different methods. A future perspective of the two-to-one internal resonance similar to the observed in this paper can be realized in various application, such as chaotic computation [25] and sensing.
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